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Predicting the macroscopic chiral behaviour of cholesteric liquid crystals from the microscopic
chirality of the particles is highly non-trivial, even when the chiral interactions are purely entropic
in nature. Here we introduce a novel chiral hard-particle model, namely particles with a twisted
polyhedral shape and obtain, for the first time, a stable fully-entropy-driven cholesteric phase by
computer simulations. By slightly modifying the triangular base of the particle, we are able to
switch from a left-handed prolate to a right-handed oblate cholesteric using the same right-handed
twisted particle model. Furthermore, we find qualitative agreement with an Onsager-like theory,
suggesting that the latter can be used as a quick tool to scan the huge parameter space associated
to the microscopic chirality. Our results unveil how the competition between particle biaxiality
and chirality is reflected into the nematic self-organization and new theoretical challenges on the
self-assembly of chiral particles can be undertaken.
INTRODUCTION
Since Onsager’s prediction of a purely entropy-driven
phase transition from an isotropic fluid of infinitely long
hard Brownian rods to an orientationally ordered ne-
matic phase [1], hard particles have served as paramount
models in condensed matter studies. The seminal work
on crystallization of hard spheres revealed the crucial role
of computer simulations in proving that order can be in-
duced by entropy alone [2, 3]. The macroscopic structure
obtained by self-assembly of colloidal particles is often
directly linked to the shape of the constituent building
blocks [4, 5]. As soon as we move away from spherical
particles a bewildering variety of thermodynamically sta-
ble structures with increasing complexity arises [4, 6].
As a result, a concurrent increase of simulation stud-
ies on hard particles show that entropy can be the sole
driving force in the formation of crystals featuring differ-
ent symmetries, plastic crystals, liquid crystals, and even
quasi-crystals [4, 6–8, 10–15]. Shape anisotropy is the
essential ingredient to form liquid crystals (LC), phases
featuring long-range orientational order but no or only
partial positional order [16]. Hard bodies have been ex-
tensively employed also in the field of LCs [17]. Thirty-
five years after Onsager’s prediction, the first entropy-
stabilized nematic phase was observed in computer sim-
ulations of hard ellipsoids [7]. In the nematic liquid-
crystalline phase, the particles are on average aligned
along a preferred direction, identified by the nematic di-
rector nˆ, but the positions are homogeneously distributed
in the system. Additionally, hard spherocylinders were
employed in simulations to demonstrate the thermody-
namic stability of an entropy-driven smectic phase [8],
in which the particles are orientationally ordered and
arranged in smectic layers. This system has become a
popular hard-particle model system to study LC phase
behaviour [18, 19]. By introducing biaxiality in the hard-
particle shape, the long-searched biaxial nematic phase
has also been simulated [9, 10]. Furthermore, many other
LC phases have been observed in simulations, which are
entropy-driven, including a cubic gyroid phase [20] and
a twist-bend nematic phase [21]. Surprisingly, from this
long list of entropic LC and non-LC phases, a simula-
tion evidence of a cholesteric phase made of hard par-
ticles is still missing, despite the facts that it was the
first LC phase experimentally discovered [22] and that
an entropic cholesteric phase was already theoretically
predicted forty years ago [23]. A cholesteric phase dis-
plays an helical chiral arrangement of the director field,
nˆ(z) =
{
cos
(
2pi
P z
)
, sin
(
2pi
P z
)
, 0
}
, with z the axis of the
macroscopic twist (chiral director) and P the cholesteric
pitch that determines the typical length scale associated
to the helical periodicity. Several theoretical studies have
been dedicated to better understand the link between mi-
croscopic and macroscopic chirality. A unified picture has
still yet to be achieved since it is clear that the cholesteric
pitch P depends in a non-trivial way on both the single-
particle properties and the thermodynamic state of the
system (for example see [23–28]). The microscopic origin
of chirality has also been the focus of experimental stud-
ies on colloidal systems [26, 29, 30], and of computer sim-
ulation studies based on strongly chiral attractive inter-
actions [31–33]. The main reason that a cholesteric phase
of hard bodies has never been observed in simulations is
due to the fact that the cholesteric pitch length is on the
order of hundreds or thousands times the particle length,
and that huge system sizes, beyond our computational
limits, are needed to accomodate the cholesteric pitch.
Recently, hard helices have been introduced as a simple
particle model, but the formation of a cholesteric phase
has never been addressed in simulations as the focus of
these studies was more on the intriguing chiral phases
that occur at high densities [13]. Hence it is still unset-
tled if and how a twist in the particle shape gives rise
to the cholesteric order and several questions, that have
been addressed by computer simulations for the achiral
nematic phase, like nucleation, wetting etc... [19, 34], re-
mained so far unexplored for the cholesteric phase.
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A novel chiral hard particle model
Here, we show the first fully-entropic cholesteric phase
obtained by computer simulations of a novel type of par-
ticle, namely hard twisted polyhedra. As we explain be-
low, this particle model presents several shape features
that can be easily tuned, e.g. aspect ratio, convexity, bi-
axiality, handedness, degree of twist (or molecular pitch),
number of polyhedral faces. A systematic study of how
these properties, some of which are intuitively associated
to microscopic chirality and liquid-crystalline behaviour,
affect the self-assembly of many of such particles, can
be efficiently carried out by perfoming computer simula-
tions. In particular, here we study the nematic phase be-
haviour of the simplest shape of this class, i.e., twisted tri-
angular prisms (TTP). Our particle is obtained by twist-
ing one base of an elongated triangular prism of height
h by an angle α relative to the other base and by adding
additional edges to ensure flat faces (see Fig. 1). Re-
markably, depending on the choice of which vertices are
connected by these additional edges, it is possible to build
both concave and convex chiral particles. The triangu-
lar base has fixed perimeter piω, such that in the limit
of infinite number of sides (circle) the width ω coincides
with particle diameter. In this study we consider concave
TTPs with either equilateral or isosceles triangular bases
defined by the base angle γ. When the top triangular
base is rotated clockwise the twist angle α is positive and
it is tempting to call the TTP right-handed. We return
to this definition of particle handedness when we discuss
our results for the oblate cholesteric phases. We note that
α should be less than or equal to the smallest angle of the
base to avoid self-intersection of the particle shape. To
detect overlaps between particles, i.e., the key ingredient
in Monte Carlo (MC) simulations aimed to study the self-
assembly of hard particles, we use an algorithm based on
triangle-triangle intersection detection [35], which is also
suitable for concave shapes. Analogously to spherocylin-
ders (and other hard-rod models), the nematic phase can
be stabilized at sufficiently high aspect ratio (h/ω) [18],
whereas the particle chirality can be tuned by changing
the twist angle α that also changes the molecular pitch
p ' 2pih/α. Additionally, by further modifying the parti-
cle shape (changing the base) we study how the competi-
tion between biaxiality and chirality propagates from mi-
croscopic (single-particle) to macroscopic (self-assembled
structure) level.
Nematic phases formed by biaxial particles can be
distinguished in prolate (N+), oblate (N−) and biax-
ial (Nb), depending on which particle axes feature long-
range orientational order [36]. By defining a shape pa-
rameter based on the lengths of the particle main axes
ν = h/m − m/s (h=height, m=medium, s=short), a
prediction of which nematic occurs can be made. For
ν > 0, the long axes uˆ of the particles are aligned in the
nematic phase along a common director, resulting into a
N+ phase, whereas for ν < 0 the short particle axes wˆ are
aligned and a N− phase is formed. When ν ∼ 0 a biaxial
phase can be stabilized, provided that other conditions
that are strongly shape-dependent are also satisfied (for
example for rounded board-like particles considered in
Ref. [10] there is an additional condition of h/s ≥ 9).
Top
view
Side
view
Twist
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Triangular Prisms
h
FIG. 1. A twisted triangular prism (TTP) is constructed
from an elongated prism of height h with (isosceles) triangular
bases, determined by the angle γ, and perimeter piω. The
width ω is used as the unit of length. To introduce chirality,
one triangular base is twisted by an angle α relative to the
other one and additional edges are constructed to obtain flat
faces. The orientations of the main axes are described by the
unit vectors uˆ (long), vˆ (medium) and wˆ (short).
Formation of the cholesteric phase
To investigate whether or not the twist in the particle
shape is transmitted at a macroscopic level, we perform
MC simulations of thousands of TTPs using different ini-
tial configurations and boundary conditions, finding con-
sistent results. In this section we present results from
MC simulations using standard periodic boundary con-
ditions (PBC) in theNPT ensemble, i.e., at fixed number
of particles N , pressure P , and temperature T , and we
investigate the kinetic pathways for the formation of a
prolate cholesteric phase.
Left-handed cholesteric phase. We first consider 2000
TTPs with a strong particle twist α = 0.7, and with an
aspect ratio h/ω = 5 with an almost equilateral base
γ = 1.0, yielding ν ' 3.25 > 0. We start from an
isotropic phase (I) and perform a compression by fix-
ing the pressure βPω3 = 1.5 with β = 1/(kBT ) and kB
Boltzmann’s constant. Fig. 2(a) clearly demonstrates the
formation of a prolate nematic phase (N∗+) with a sponta-
neous macroscopic left-handed twist upon increasing the
density. The resulting structure has been characterized
using appropriate order parameters as shown in Fig. 3
and described in detail in the following section. We no-
tice here that the opposite handedness of the cholesteric
phase with respect to the particle twist is consistent with
theoretical predictions [23, 24, 28, 37] for chiral particles
with a large molecular pitch p, in this case p/ω ' 44.8.
The phase transformation from I to N∗+ is driven first by
nematic fluctuations due to the anisotropy of the overall
3FIG. 2. Kinetic pathways for the formation of a prolate cholesteric phase from MC simulations in the NPT ensemble under
standard periodic boundary conditions. The particles are colored according to the orientation of their main axis uˆ. (a) Snapshot
time series of 2000 TTP with aspect ratio h/ω = 5, base angle γ = 1.0, and particle twist angle α = 0.7, starting from an
isotropic state (a1) and imposing a pressure βPω3 = 1.5 (see also Supplementary Movie 1). Evolution in time corresponds
to an increase of the system packing fraction. The resulting phase (a4) is a left-handed cholesteric. (b) Snapshot time series
of 3200 TTP with h/ω = 5, γ = 0.75, and α = 0.7, starting from an isotropic state (b1) and imposing βPω3 = 1.9 (see also
Supplementary Movie 3). In this case a spinodal instability is observed: chiral nematic domains are first formed, resembling
a blue phase (b3), and slowly merge into a cholesteric defect-free phase. (c) Dense aligned state of 2304 TTP with h/ω = 5,
γ = 0.75, and α = 0.7 used as initial configuration for expansion runs. (d) At pressure βPω3 = 2.1 the twist slowly propagates
from the center of the system (d1) to the entire system (d2) and also in this case a cholesteric phase is formed (see also
Supplementary Movie 4). (e) At higher pressure (βPω3 = 2.9) an instability with respect to nematic orientational fluctuations
as well as smectic layering fluctuations is observed (see also Supplementary Movie 5), resulting into a metastable state of chiral
domains composed of highly aligned particles (e), which bears close resemblance to a blue phase. See also panel (f) where the
particle size is reduced.
particle shape, and subsequently, the nematic phase be-
comes twisted as a result of the finer details of the chiral
particle shape. Additionally, we confirm the stability of
the N∗+ phase by starting from a uniaxial nematic state.
We observe that the achiral order is clearly unstable since
a twist starts to propagate slowly throughout the whole
system as shown in the Supplementary Movie 2. Our
simulations show that a stable prolate cholesteric phase
is found for a large range of twist angles, i.e., 0 . α . γ,
and base angles 0.55 . γ . pi/3.
Kinetic pathways. We now investigate in more detail
the kinetic pathways leading to N∗+ in case of short chi-
ral rods. To this end, we focus on large systems of TTPs
with aspect ratio h/ω = 5, an isosceles base with angle
γ = 0.75 and a particle twist angle α = 0.7, yielding a
shape parameter ν ' 1.62 > 0. First, we determine the
pressure βPω3 and nematic order parameters S associ-
ated to the three main axes u,v,w as a function of pack-
ing fraction η as shown in Fig. 3(b). From the equation
of state, we find that the IN∗+ transition occurs at a pres-
sure βPω3 ' 1.25, and the transition from a cholesteric
phase to a higher ordered one, that we generically de-
note as chiral smectic (Sm∗), takes place at a pressure
βPω3 ' 2.6 (see Supplementary Fig. 1 for more details).
A closer look to the formation of the cholesteric phase
reveals that for sufficiently high supersaturation of the
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FIG. 3. (a) Typical configuration as obtained from simulations of a prolate cholesteric phase of TTPs with aspect ratio
h/ω = 5, twist angle α = 0.7, and base angle γ = 0.75 using PBC. Particles are colored according to the orientation of their
main axis uˆ. (b) Equation of state and nematic order parameters S associated to the particle main axis u,v,w, as a function
of the packing fraction η. (c) Nematic director profile nˆuˆ depicted by using rods color-coded according to their orientation.
(d) The twist is quantified by averaging hundreds of such profiles after measuring | cos(θ(z))|, with θ the twist angle along the
z-direction that identifies the chiral director. The fit used to extract the cholesteric pitch P is indicated with a red line (see
text and Methods for more details).
isotropic phase (βPω3 = 1.9), the transformation pro-
ceeds via spinodal decomposition, in analogy with achi-
ral short spherocylinders [19], see Fig. 2(b). We clearly
observe that the system is unstable as immediately many
small nematic clusters with different orientations are
formed throughout the system, which subsequently start
to twist. Interestingly, the intermediate phase looks re-
markably similar to a blue phase [16, 33], but after a long
equilibration time the twisted nematic domains start to
merge and the system relaxes to a cholesteric phase. Fi-
nally, we also study the phase transformation starting
from a dense aligned phase. We perform NPT -MC sim-
ulations both at a pressure βPω3 = 2.1 corresponding
to a stable N∗+ phase, and at βPω
3 = 2.9, where the
Sm∗ phase is expected to be stable. For βPω3 = 2.1,
we indeed find that the director field immediately starts
to twist in the aligned phase of TTPs, resulting into a
cholesteric phase as shown in Fig. 2(c)-(d). On the other
hand, at βPω3 = 2.9, the system is unstable with re-
spect to both nematic orientational fluctuations as well
as smectic layering fluctuations as seen in Fig. 2(e), and
again the final structure bears close resemblance to a blue
phase, which corresponds to a metastable (kinetically ar-
rested) state as the Sm∗ phase is expected to be the
stable state. However, this suggests an intriguing com-
petition between packing and chirality at high pressures
that will be further investigated in future studies.
Equilibrium cholesteric pitch
We now turn our attention to the helical structure of
the cholesteric phase. We want to determine the equilib-
rium cholesteric pitch P and study how boundary con-
ditions and finite-size effects influence this quantity, that
ultimately is the parameter quantifying the macroscopic
chirality. To this end, we analyze the spatial depen-
dence of the nematic director by dividing the system in
slabs [32, 33] along the axis of the macroscopic twist, also
called chiral director, which is oriented along the z-axis.
We then compute the nematic director nˆuˆ(z) correspond-
ing to the long particle axis uˆ, an example of such a pro-
file is depicted in Fig. 3(c), and the associated nematic
order parameter Su as displayed in Fig. 3(b). The same
procedure is repeated for the medium particle axis vˆ and
the short axis wˆ to obtain Sv, Sw (see Fig. 3(b)), and
nˆvˆ, nˆwˆ (not shown). The twist is quantified by averaging
| cos(θ(z))| ≡ |nˆuˆ(z) · nˆuˆ(z = 0)| over hundreds of inde-
pendent configurations and performing a one-parameter
fit using | cos (2piz/P) | to extract the cholesteric pitch P,
shown with red lines in Fig. 3(d). In addition, we com-
pute orientational pair-correlation functions along the
chiral director, as introduced in Ref. [31], to confirm the
helical structure and the sense of the macroscopic twist
(see Methods and Supplementary Fig. 2 for more details).
It is important to note that in the case of PBC the
nematic director should be the same at the edges of the
simulation box, i.e., cos(θ(z = Lz)) = 1 in Fig. 3(d) with
Lz the box length in the z-direction. As a consequence,
the cholesteric pitch P must be commensurate with Lz,
i.e., Lz should be at least ∼ P/2 to observe a twist in the
nematic phase [31]. By allowing the box shape to relax,
either by performing NPT simulations or NV T simula-
tions using a variable box shape, we expect the accuracy
of the equilibrium pitch measurement to improve, but by
repeating our simulations for different system sizes, we
still observed a dependence on the initial box size (see
Supplementary Fig. 3(a)).
In order to circumvent the commensurability problems
with pitch and box size, we embed the system between
two planar hard walls in such a way that the nematic
director can freely choose its orientation at both walls,
and we perform simulations in the NV T ensemble. As
can be observed from Fig. 4(a)-(b), the nematic direc-
tor profile is indeed not commensurate anymore with Lz
thereby allowing for a full relaxation of the macroscopic
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FIG. 4. (a) Typical left-handed cholesteric along with cartoons of nˆuˆ as obtained from NV T -MC simulations on systems of
TTPs with aspect ratio h/ω = 5, twist angle α = 0.7, and base angle γ = 0.75 confined between two planar hard walls (in
the z-direction). The particles are colored according to the orientation of their main axis uˆ. (b) Local director profiles θ(z)
obtained by simulations using varying number of particles N and varying box sizes but at fixed packing fraction η ' 0.16.
(c) Cholesteric pitch P versus packing fraction η as obtained from simulations (using hard walls) and a second-virial density
functional theory [28, 37].
chiral twist. Since we simulate sufficiently large system
sizes at state points that are well inside the stable re-
gion of the cholesteric phase, we expect that surface ef-
fects, such as pronounced layering or increased biaxial-
ity [34, 38], should be negligible. We indeed observe that
the walls only affect the structure at distances smaller
than ∼ one particle diameter from the wall (see Supple-
mentary Fig. 4). In order to support this, we determine
the equilibrium pitch P using different system sizes (dif-
ferent number of particles and different box dimensions),
but at fixed packing fraction η. Panels (b) and (c) of
Fig. 4 show indeed consistent results for the nematic di-
rector profile as well as for the value of P. We thus regard
this method to be the most convenient and reliable way
for calculating the equilibrium pitch P, in analogy with
the conclusions of Ref. [32].
Finally, we perform simulations using twisted bound-
ary conditions (TBC) [39]. We find good equilibration
of our cholesteric phases of TTPs, as evidenced in Sup-
plementary Fig. 3(b) by the much smaller errror bars on
the nematic director profile and the difference of pi/2 in
the θ angle at the edges of the box as imposed by the
TBC. However, the use of TBC may result into an over-
or undertwisted cholesteric phase, and only by measuring
the pressure tensor, which is unfortunately not straight-
forward for hard particles, it would be possible to ex-
tract the equilibrium value of P [40]. This procedure
is based on a quadratic approximation around the free-
energy minimum [40] and TTPs will be a suitable system
to test this approach.
Comparison with second-virial theory
The availability of cholesteric phases obtained from
particle-based simulations provides a new testing ground
for the theoretical framework describing the chiral orga-
nization in liquid crystals. We apply the recently devel-
oped second-virial density functional theory (DFT) [28,
37] to our system of TTPs and calculate the density de-
pendence of P. Our DFT is an extension of Onsager’s
theory [1] corrected with a Parsons-Lee (PL) prefactor
to deal with the finite size of the particles [41, 42]. It
represents an advancement over Straley’s approach [23]
as it does not consider the chirality in a perturbative
way and it is combined with a MC integration to make
it suitable for a wide range of particle models [37]. A
detailed description can be found in Refs. [28, 37]. In
Fig. 4(c) we present our results as obtained from simu-
lations along with the DFT predictions. We plot P as a
function of η in the range where the cholesteric phase is
stable. We observe that the theory correctly captures the
twist handedness, the magnitude and the trend of P as a
function of η. In addition, we study the effect of particle
shape on the cholesteric pitch P. In Fig. 5(a), we present
simulation results for the pitch P as a function of η for
varying twist angle α and base angle γ. Comparing the
results for α = 0.6 (red curve) with α = 0.7 (green) at
fixed γ = 0.75, or α = 0.7 (blue) with α = 0.8 (yellow)
at γ = 1.0, reveals that |P| decreases upon increasing α,
i.e., increasing the microscopic chirality of the particle,
as expected. Analogously, by decreasing the base angle
γ, the surface associated with the longer side of the base
gets larger, which effectively increases the particle chi-
rality, thereby yielding a smaller pitch |P|. This trend
can be appreciated by comparing the results for γ = 1.0
(blue) with γ = 0.75 (green) at fixed α = 0.7 or γ = 0.9
(red) with γ = 0.75 (black) at fixed α = 0.6. Despite an
overall little underestimation of the macroscopic twist,
Fig. 5(b) shows that all these trends are well-captured
by our DFT calculations: increasing the particle chiral-
ity, by either twisting the particle more (increasing α)
or increasing the particle biaxiality (by decreasing γ),
results indeed in a smaller cholesteric pitch |P|. How-
ever, we notice that the effect of decreasing γ on parti-
cle chirality is overestimated by the DFT with respect to
the results obtained from simulation of the many-particle
system. Nevertheless, the DFT can be used as a reliable
6and quick tool for predicting the macroscopic chiral be-
haviour from the microscopic chiral particle properties.
We therefore use our theory to study the effect of TTPs
with multiple twists on the cholesteric pitch P . Our DFT
calculations as shown in Supplementary Fig. 5(b) reveal
that upon decreasing the microscopic pitch length p/ω,
the sense of the macroscopic twist changes from oppo-
site to same handedness with in between a regime where
a twist inversion occurs with packing fraction, which is
analogous to previous results on hard helices [28, 37]. In
the conclusions we will discuss possible improvements for
the theoretical framework.
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FIG. 5. (a) Cholesteric pitch P versus packing fraction η as
obtained by MC simulations (using hard walls) for TTPs with
varying twist angles α and base angle γ as labeled. Lines are
polynomial fits used as guides to the eye. (b) Theoretical pre-
dictions for the same particle models obtained by second-virial
DFT [28, 37]. An increase in the twist angle α while keep-
ing fixed the base angle γ corresponds to a shorter cholesteric
pitch |P|. Analogously, keeping fixed α and decreasing γ en-
hance the particle chirality and a corresponding shorter |P|.
However, this effect seems to be overestimated by theory re-
sulting in a slightly different chiral ranking for the models
considered here. In Supplementary Fig. 5(a) the same results
are shown by using the nematic order parameter instead of
the packing fraction and similar conclusions are drawn.
Right-handed oblate cholesteric phase
Finally, we further modify the particle shape by de-
creasing the base angle γ while keeping the aspect ratio
h/ω = 5 fixed. In this way, we construct TTPs with
shape parameter ν < 0, which should stabilize an oblate
nematic phase. Indeed, our simulations reveal the for-
mation of an oblate nematic phase (N∗−) with a helical
chiral arrangement of the local nematic director field cor-
responding to the short particle axis wˆ as exemplarily
shown in Fig. 6 for TTPs with h/ω = 5, γ = 0.4, α = 0.4,
yielding ν ' −1.41. We observe that the orientation of
the long particle axis uˆ is isotropic whereas the nematic
director nˆwˆ associated to the short axis wˆ displays the
expected helical structure. Surprisingly, the macroscopic
twist is now right-handed in contrast with the left-handed
twist as observed for the prolate cholesteric phase of the
same particle model but with a different α and γ (Fig. 3),
which seems to be counterintuitive. However, this can
be explained as follows. Despite the fact that the twist
angle α > 0, meaning that the particle is twisted in a
right-handed fashion along the long particle axis uˆ, it
also corresponds to a left-handed twist in the short par-
ticle axis wˆ. As only the short particle axes show orien-
tational order in an oblate nematic phase, and the parti-
cles are weakly chiral, we expect a macroscopic twist that
is opposite to that of the short axis, i.e., a right-handed
macroscopic twist, as indeed observed in our simulations.
The Supplementary Movie 6 (see also equation of state
and order parameters in Fig. 6(c) ) shows that the I-N∗−
phase transformation is specular to that of the prolate
cholesteric phase.
DISCUSSION
In conclusion, we have shown by computer simulations
of twisted triangular prisms that entropy alone can sta-
bilize both oblate and prolate chiral nematic phases. Our
results showcase once more that attributing uniquely a
value to the microscopic chirality is not trivial. In this
simple model we need to combine the value of the twist
angle α, shape parameter ν and the microscopic pitch p to
predict the sense of the twist. A more complicated com-
petition between biaxiality and chirality is expected when
ν ∼ 0 and a biaxial nematic phase should occur. Since a
double twist cannot be space-spanning, it is interesting to
investigate if the macroscopic chirality disappears or an-
other stabilization mechanism comes into play. Twisted
polyhedra will be useful models to address this and other
fundamental questions. For example, preliminary simu-
lations on mixtures of particles with different handedness
show that racemic mixtures form achiral nematic phases,
as expected from theory [16], indicating that chirality
alone is not enough to drive phase separation in systems
of hard particles and size asymmetry is required. By con-
sidering also depletant particles it will be possible to gain
novel insights in experiments where entropy, chirality and
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FIG. 6. (a) Oblate cholesteric phase of TTPs with h/ω = 5,
α = 0.4, γ = 0.4 as obtained from NPT -MC simulations
(βPω3 = 1.0) using PBC. Particles are colored according to
the orientation of their short axes wˆ. (b) Cartoon of the ne-
matic director nˆwˆ exhibiting a right-handed twist. (c) Equa-
tion of state and nematic order parameters Su, Sv, Sw as a
function of packing fraction η, confirming that the transition
is specular to the isotropic-prolate cholesteric phase transition
(cfr. Fig. 3(b)).
depletion are the dominant forces [44, 45].
In addition, our simulations show qualitative agree-
ment with theoretical predictions from an Onsager-like
DFT, thereby providing confidence that the theory yields
reliable results and can thus serve as a guide for future
studies. For example, to study nucleation and growth of
cholesteric phases, addressing questions like how the chi-
rality changes the shape of the nematic nucleus, longer
particles are needed [19] for which P is expected to be
larger and therefore a careful choice of the shape is es-
sential. However, it is also evident that the Parsons-Lee
(PL) correction does not rescale the packing fraction of
twisted polyhedra accurately enough and overestimates
the IN* transition. This may be remedied by a better
rescaling factor than the PL correction, or by a more ac-
curate microscopic theory such as fundamental measure
theory [43]. The DFT also overestimates P compared to
simulations, i.e., it underestimates the macroscopic chiral
twist of a N* phase. A similar conclusion was also drawn
in previous work on attractive chiral spherocylinders [32].
These issues need further investigations.
Finally, recent advancements in chemical synthesis of
nanocrystals with polyhedral shape [46] and the use of
polarized light to introduce chirality in the shape [47],
brings optimism on the possibility of achieving control
over more and more particle features, including chirality,
at the microscopic level. Computer simulations of hard
particles will be helpful in the shape design of future
building blocks.
METHODS
The TTP studied here have γ ≤ pi/3 yielding m =
pi cos γ/(1+cos γ) and s = pi sin γ/(2+2 cos γ), such that
the shape parameter ν = h(1 + cos γ)/pi cos γ − 2/ tan γ
(when γ ≤ pi/3), where h is the height of the particle.
The volume of the particle is calculated by using
standard formulas for orientable polyhedra that requires
the knowledge of face normals and vertices positions.
Overlaps between particles are detected by checking
intersections between triangular faces using the RAPID
library [35]. Thousands of particles are simulated using
standard MC simulation methods in either the NV T
or NPT ensemble. In the former, MC moves consist
in either single-particle translation or rotation whereas
in the latter also volume-change moves (both isotropic
and anisotropic scaling) are employed. Several millions
of MC steps are performed both in the equilibration
and production runs, where one MC step is defined as
N moves, with N the number of particles. Different
boundary conditions and initial configurations are used,
as specified in the text. In the case of hard walls (located
at z = 0 and z = Lz), the overlap detection between
particles and walls is performed by checking if any ver-
tices of the polyhedra have coordinates z < 0 or z > Lz.
For the implementation of twisted boundary conditions
we refer to [39]. To obtain the equilibrium equation of
state we combined results obtained by starting from an
isotropic configuration, from a dilute lattice and from
a dense aligned lattice (constructed by first obtaining
the closest packing of a few particles in an orthogonal
cuboidal box). States equilibrated at close pressures
are also used as initial configurations to avoid kinetic
traps. To determine the transitions between different
thermodynamic phases, we have calculated several order
parameters in both the NPT and NV T ensembles. Us-
ing equilibrated configurations we also set up long (more
than 6 ∗ 106 MC steps) NV T simulations to accurately
measure the cholesteric pitch P. After dividing the
system in slabs, we compute the nematic director by
diagonalizing the tensor Quˆαβ = (
∑
i 3uˆiαuˆiβ− δαβ)/2n,
where α, β = x, y, z and i = 1, ..., n with n the number of
particles in the slab. The same procedure is repeated for
the medium particle axis vˆ and the short axis wˆ. Note
that we neglect here the polar nature of the particle as
we assume up-down symmetry nˆwˆ = −nˆwˆ. However,
8we checked that it did not affect our results. For each
configuration we calculate cos(θ(z)) ≡ nˆuˆ(z) · nˆuˆ(z = 0)
and we bypass the up-down symmetry by taking the ab-
solute value. After averaging hundreds of such profiles,
we perform a one-parameter fit using | cos (2piz/P) | to
extract the cholesteric pitch P. Although our procedure
removes the (small) intrisinc drift of the system occuring
over different configurations, the statistical error on P
is still on the order of several ω as shown in Fig. 3(c).
As usual, the eigenvalues associated to the nematic
directors are identified as nematic order parameters S.
Averaging the profiles S(z), the bulk values are obtained
for each state points. The cholesteric helical structure
and the sense of the twist are further confirmed by
orientational pair-correlation functions as introduced
in [31] and reported in the Supplementary Information.
The simulation results are compared with those ob-
tained using a second-virial classical density functional
theory that is extensively described in [28, 37]. The input
of such theory is the pitch-dependent Legendre-expanded
excluded-volume between two particles with orientation
R,R′ separated by a distance r:
Ell′(q) = −
∫
dr
∮
dR dR′
× f(r,R,R′)Pl(nˆq(z) · uˆ)Pl′(nˆq(0) · uˆ′) (1)
with Pl the normalized Legendre polynomial of grade
l=0, 2,...,20 (only even coefficients are considered), q =
2pi/P the chiral wave vector, nˆq(z) = xˆ sin qz + yˆ cos qz
the nematic director profile and f the Mayer function
that assumes a value −1 if particles overlap and 0 oth-
erwise. The coefficients Ell′(q) are calculated using a
MC integration scheme. Once these coefficients are cal-
culated, the orientation distribution function ψ(θ), with
θ the polar angle with respect to the local nematic direc-
tor, is obtained by minimizing a Parsons-Lee-Onsager-
like free-energy functional [1, 41, 42] yielding the follow-
ing equation:
ψ(cos θ) =
1
Z
exp
−ρG(η)
∞∑
l,l′=0
Ell′(q)
4pi2
×1
2
[Pl(cos θ)ψl′ + Pl′(cos θ)ψl]
}
, (2)
with ρ the number density, G(η) the Parsons-Lee correc-
tion, ψl the expansion coefficients of ψ(cos θ) and Z the
normalization factor. Finally, the equilibrium pitch P is
obtained by inserting back ψ(θ) into the functional and
identifying the minimum of the free energy.
ACKNOWLEDGMENTS
We acknowledge financial support from a NWO-ECHO
grant. We thank SURFsara (www.surfsara.nl) for the
support in using the Lisa Computer Cluster. We thank
Rene´ van Roij, John Edison, Simone Belli, Laura Fil-
ion and Nick Tasios for useful discussions and/or critical
comments on the manuscript.
[1] L. Onsager, Ann. N. Y. Acad. Sci. 51, 627 (1949).
[2] B. Alder and T. Wainwright, J. Chem. Phys. 27, 1208
(1957).
[3] W.W. Wood and J.D. Jacobson, J. Chem. Phys. 27, 1207
(1957).
[4] P. F. Damasceno, M. Engel, and S. C. Glotzer, Science
337, 453 (2012).
[5] G. van Anders, D. Klotsa, N. K. Ahmed, M. Engel, and
S. C. Glotzer, Proc. Natl. Acad. Sci. USA 111, E4812
(2014).
[6] M. Dijkstra, in Advances in Chemical Physics, edited by
S. A. Rice and A. R. Dinner (Wiley, Hoboken, NJ, 2015),
Vol. 156, pp. 3571.
[7] D. Frenkel, B. M. Mulder, and J. P. McTague, Phys. Rev.
Lett. 52, 287 (1984).
[8] D. Frenkel, H. N. W. Lekkerkerker, and A. Stroobants,
Nature 332, 822 (1988).
[9] P. J. Camp and M.P. Allen, J. Chem. Phys. 106, 6681
(1997).
[10] S. D. Peroukidis and A. G. Vanakaras, Soft Matter 9,
7419 (2013)
[11] S. Torquato and Y. Jiao, Nature 460, 876 (2009).
[12] U. Agarwal and F. A. Escobedo, Nature Mater. 10, 230
(2011).
[13] H. B. Kolli, E. Frezza, G. Cinacchi, A. Ferrarini, A. Gia-
cometti, T. S. Hudson, C. De Michele, and F. Sciortino,
Soft Matter 10, 8171 (2014).
[14] P. F. Damasceno, A. S. Karas, B. A. Schultz, M. Engel,
and S. C. Glotzer, Phys. Rev. Lett. 115, 158303 (2015).
[15] A. Haji-Akbari, M. Engel, A. S. Keys, X. Zheng, R. G.
Petschek, P. Palffy-Muhoray, and S. C. Glotzer, Nature
462, 773 (2009).
[16] P.-G. de Gennes and J. Prost, The Physics of Liquid
Crystals 2nd ed., Oxford University Press (1993).
[17] L. Mederos, E. Velasco and Y. Mart´ınez-Rato´n, J. Phys.:
Condens. Matter 26, 463101 (2014).
[18] P. Bolhuis and D. Frenkel, J. Chem. Phys. 106, 666
(1997).
[19] A. Cuetos and M. Dijkstra, Phys. Rev. Lett. 98, 095701
(2007).
[20] L. J. Ellison, D. J. Michel, F. Barmes, and D. J. Cleaver,
Phys. Rev. Lett. 97, 237801 (2006).
[21] C. Greco, and A. Ferrarini, Phys. Rev. Lett. 115, 147801
(2015).
[22] F. Reinitzer, Monatshefte fu¨r Chemie (Wien) 9, 421
(1888).
[23] J. P. Straley, Phys. Rev. A 14, 1835 (1976).
9[24] A. B. Harris, R. D. Kamien, and T. C. Lubensky, Phys.
Rev. Lett. 78, 1476 (1997).
[25] A. B. Harris, R. D. Kamien, and T. C. Lubensky, Rev.
Mod. Phys. 71, 1745 (1999).
[26] F. Tombolato, A. Ferrarini and E. Grelet, Phys. Rev.
Lett. 96, 258302 (2006).
[27] H. H. Wensink and G. Jackson, J. Chem. Phys. 130,
234911 (2009).
[28] S. Belli, S. Dussi, M. Dijkstra, and R. van Roij, Phys.
Rev. E 60, 020503(R) (2014).
[29] E. Grelet and S. Fraden, Phys. Rev. Lett. 90, 198302
(2003).
[30] G. Zanchetta, F. Giavazzi, M. Nakata, M. Buscaglia, R.
Cerbino, N. A. Clark, and T. Bellini, Proc. Natl. Acad.
Sci. USA 107, 17497 (2010).
[31] R. Memmer, J. Chem. Phys. 114, 8210 (2001).
[32] S. Varga and G. Jackson, Mol. Phys. 104, 3681 (2006).
[33] M. Melle, M. Theile, C. K. Hall and M. Schoen, Int. J.
Mol. Sci. 14, 17584 (2013).
[34] M. Dijkstra, R. van Roij, and R. Evans, Phys. Rev. E
63, 051703 (2001).
[35] GAMMA Research Group at the University of
North Carolina, RAPID Robust and Accu-
rate Polygon Interference Detection, 1997, see
http://gamma.cs.unc.edu/OBB/
[36] J. P. Straley, Phys. Rev. A 10, 1881 (1974).
[37] S. Dussi, S. Belli, R. van Roij, and M. Dijkstra, J. Chem.
Phys. 142, 074905 (2015).
[38] R. van Roij, M. Dijkstra, and R. Evans, Europhys. Lett.
49, 350 (2000).
[39] M. P. Allen and A. J. Masters, Mol. Phys. 79, 277 (1993).
[40] D. Frenkel, Eur. Phys. J. Plus 128, 10 (2013).
[41] J. D. Parsons, Phys. Rev. A 19, 1225 (1979).
[42] S. D. Lee, J. Chem. Phys. 87, 4972 (1987).
[43] M. Marechal, S. Dussi, M. Dijkstra, and K. Mecke -
manuscript in preparation
[44] P. Sharma, A. Ward, T. Gibaud, M. F. Hagan, and Z.
Dogic, Nature 514, 77 (2014).
[45] L. Kang, T. Gibaud, Z. Dogic, and T. C. Lubensky, Soft
Matter (2015), DOI: 10.1039/C5SM02038G
[46] Y. Xia, Y. Xiong, B. Lim, and S. Skrabalak, Angew.
Chem. Int. Ed. 48, 60 (2009).
[47] J. Yeom, B. Yeom, H. Chan, K. W. Smith, S. Dominguez-
Medina, J. H. Bahng, G. Zhao, W.-S. Chang, S.-J.
Chang, A. Chuvilin, D. Melnikau, A. L. Rogach, P.
Zhang, S. Link, P. Kra´l, and N. A. Kotov, Nature Mater.
14, 66 (2015).
